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In investigating the stablility of solutions of nonlinear systems of differ-
entlial equations by the comparison method*, the questlon of boundedness of
solutions of systems of the form
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arises
For the more general class of systems
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where 4 = {a,,{t)} and B = {»,,(¢t)} are square (n X n) matrices, it is known
f1] that if tﬂe solutions of the system y'= 4y are bounded and
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the solutions of the system (2) are also bounded. The theorem presented below
shows that condition {3) is necessary if the system {2) has the form (1).

* L.F. Rakhmatullina, Primenenie integral'nykh neravenstv k issledovaniiu
ustoichivostl reshenil differentsial’'nykh uravnenii {Application of in-
tegral inequaiities to the investigation of the stabllity of solutions
of differential equations). Dissertation, Kazan' University, 1963.
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Theorem. If
t

Sai(s)ds>a>—oo (i=1,..., n)
te

then the soluticns of the system (1) are bounded if, and only if
i oo

(Pi(t)= Sai(s)43€ﬁ<W, 1P,-5(f)= Sbij(s)d3<°° (itjz"iv-°‘:”;i:t:f)
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For the proof let us consider the system of Volterra equations
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If
f; (&) = x; () exp @y (1)

then the systems (1) and (4) are equivalent. If the above conditions are
satlsflied then
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From this and from Theorem 1 of [3] the boundedness of the solutions of
the system (4) follows for bounded pr, (¢). By virtue of the mentioned equi-
valence and boundedness of the functlons

i () = z; (o) exp @; (1)

we obtain the boundedness of the solutions of the system (1).

Ir Ti({f) >0, then by virtue of Wazewski's theorem on differential ine-
qualities [3](or the theorem on an integral inequality [4])}, we have z; () > 0
for t>>t,. Hence, 1t follows from (4) that gz, ()>x(t)exp@; (), since
K (¢, 5) > 0. Therefore,

i

8; = sup, ¢; () < o0 (5)
if the x, (¢) are bounded.

For bounded 7, (¢) soluticns of the system (4) are bounded if the solutlons
of the system (1) are bounded. Ip fact Llet |f; ()] < 7t and {z, (8, .« , 2, (0}
be such a solution of (1) that Z; (f) == Te”*. Since

t
1% 01 < {3 Ky 91y ) 1ds + v oxp (9, () — o)
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t
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then by virtue of the theorem on an integral inequality [4]
ly; =70 lor t2>1

From the boundedness of the solutions of the system (4) for bounded (%)
and from Lemma 1 of [3] it follows that

t
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te
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Hence and from (5) we have

t !
S bi; (s) ds < cBi-aL sup, S Kt 8)ds < oo
fa fa

The theorem 1s proved.

In discussing the elucidated theorem at an Izhevsk seminar, V.I. Logunov
indicated the following statement of [6]: solutions of the system x/= ax,,
xp'= bx, + gx, With non-negative coefficients are bounded if, and only if

oo (2]

[ <] 8
Sb(s)ds(oo, (et as <o, Sa(s) (oa as <o
ty iy ty 1y
It 1s easy to see that the system

7 =exp it} =z, oz =tPxy(fy=1)
satisfies the presented conditions but has the unbounded solution

zy = t, x4 = exp {t71}.
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Translator's n ot e . The references appear to have been
confused in the original text, a slxth reference apparently having been
ommitted in the bibliography. Those references which were obvliously
incorrect have been changed. Reference [6] in the text has been retained,
although it 1s not mentioned in the blbliography.
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