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In investigating the stability of solutions of nonlinear systems of differ- 
ential equations by the comparison method*, the question of boundedness of 
solutions of systems of the form 

arises 

For the more general class of systems 

2' = (A + B)z (2) 

where A = {o, (t)] and F = [a,,(t)] are square (n X n) matrices, it is known 
[l) that if the solutions of the system P'= Ay are bounded and 

i 

s 
u**(s)dds>p>-L 00 (i = i, . . ., n) 

then for 
Q) 

s 
IIB (4 IIds <m (3) 

4 

the solutions of the system (2) are also bounded. The theorem presentedbelow 
shows that condition (3) is necessary if the system (2) has the form (1). 

t L.F. Rakhmatulllna, PrXmenenle integral'nykh neravenstv k issledovaniiu 
ustoichivostl reshenii differentaial'~~ uravnenii (Application of in- 
tegral inequaiities to the investigation of the stability of solutions 
of differential equations). Dissertation, Kazan' University, 1963. 
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The orem. If 

s ai (s)dds>a>-oo (i = 1,. . .* n) 

1. 

then the 

cPi (4 = 

solutions of the system (1) are bounded if, and only if 
t 

s 
Ui(S)dSdB<~* Qij (0 = Jbij(d ds < O" (i,j=i,...,n;i*j) 

t, tr 
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For the proof let us consider the system of Volterra equations 

(4) 

then the systems (1) and (4) are equivalent. If the above conditions are 
satisfied then 

From this and from Theorem 1 of [3] the boundedness of the solutions of 
the system (4) follows for bounded I'm. By virtue of the mentioned equi- 
valence and boundeclness of the functions 

we obtain the boundedness of the solutions of the system (1). 

If mt(tJ>,O, then by virtue of Wazewski's theorem on differential lne- 
qualities [3](or the theorem on an integral inequality [&J),wehave xi(t)),0 
for t>&. Hence, it follows from (4) that ~~~~)~~~~~exp~~(~)~ shce 
Kfj((tt S) >, 0. Therefore, 

A = suPtcp((4 < O" (5) 

if the x,(t) are bounded. 

For bounded j (t) solutions of the system (4.) are bounded If the solutions 
of the system (lj are bounded. In fact let Ifi (t) 1 <r and (Q (t), . . , cc, 0)) 
be such a solution of (1) that jc*(t,) = Ted. Since 

R*j (6 S) IVj (4 IdS + Y exP (Cpj (4 - aI 

h j# 

21 (t) I= \ z Kij (tt 8) Xj (S) ds f T exp {Cpi (tf - al 
tr j# 

then by virtue of the theorem on an Integral inequality [4] 

From the boundedness 
and from Lemma 1 of [ 31 

1 yi (t) 1 = Xi (f) to? t >, t* 

of the solutions of the system (4) for bounded f,(k) 
it follows that 

t 
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Hence and from (5) we have 

t t 

s btj (4 da d e 
&-a 

SUP, s 
Kij (t, S) ds < m 

[. 1. 

The theorem Is proved. 

In discussing the elucidated theorem at an Izhevsk seminar, V.I. Logunov 
indicated the following statement of [6]: solutions of the system xi= cxZ, 
x2'= br, + cx, with non-negative coefficients are bounded If, and only If 

00 m cu 8 

s 
b (8) ds < 00, S c (4 ds < 0~) 

t. 
S S a (4 b (t) dt ds < 00 

t1 t. tr 
It Is easy to see that the system 

2,’ = e=p W1) x,, z,’ - t-a =, ttr = 4) 

satisfies the presented conditions but has the unbounded solution 

z1 = t, 2, = exp {t-l}. 
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Translator's note. The references appear to have been 
confused in the original text, a sixth reference apparently having been 
ommitted in the bibliography. Those references which were obviously 
incorrect have been changed. Reference [6] in the text has been retained, 
although it is not mentioned in the bibliography. 
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